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1-1 Summary of Previous Works
Numerous equations (some of them are listed in Table
1-1) have been proposed for predicting the heat or mass
transfer rates between a pipe wall and a fully developed
turbulent flow. Most of them are adequate only for
Prandtl or Schmidt numbers of unity or less.
In the oldest theory concerning the transport of
heat in the turbulent flow, the Reynolds analogy (54), it
is simply assumed that there is a complete analogy between
transports of momentum and heat. This analogy loses its




Some Expressions for Nusselt or Sherwood Number *)
(a) Analogy equations
Reynolds (54)








1 + 5 /r/2 {(Pr - 1) + £n ((5Pr + 1)/6)}
(b) Empirical correlations
Dittus and Boelter (8)
Nu = 0.023 ReO. 8 PrO. 4
(Re=104~105 , Pr=0.7~120)
Chilton and Colburn (2)
Nu = (f/2) RePrl / 3
(Re=104~105 , Pr=0.7~100)
Sieder and Tate (61)
Nu = 0.026 ReO. 8 Prl / 3 (~b/~ )0.14
4 w(Re=lO ~105 , Pr=0.7~100)
*) For mass transfer Nu and Pr should be replaced by Sh
and Sc respectively.
**) U£ denotes the velocity at the outer edge of the
laminar sul:;Jlayer.
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Extension of the Reynolds analogy to cases when
Pr ~ 1 have been formulated by many authors. Prandtl
(48) and Taylor (65) extended the Reynolds analogy by
taking account of the laminar layer near the wall. In
their equation it is still necessary to make a suitable
assumption about the ratio of the velocity at the outer
edge of the laminar sublayer to the average velocity.
Moreover, at large Prandtl numbers the values of the heat
transfer coefficient obtained are too small.
In deriving the Prandtl-Taylor equatio~, it was
assumed that the flow could be sharply divided into a
turbulent core and a laminar sublayer. In actual fact,
one merges into the other in a continuous way and it is
possible to discern the existence of an intermediate, or
, ,
buffer layer. Von Karman (27) subdivided the flow into
three zones and derived a similar formula for the relation
between the coefficient of heat transfer and friction
factor. Although his equation gives substantial
improvement over the Prandtl-Taylor equation, deviations
from actual values of the Nusselt number still occur at
fairly large Prandtl numbers.
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Reichardt (52.53). Lin. Moulton and Putnam (33).
Deissler (6.7). Rannie (50) and many other investigators
improved on the previous theories by introducing an
appropriate amount of turbulence into the laminar sublayer.
However. their equations for the heat or mass transfer
rates at large Prandtl or Schmidt numbers differ from each
other in the predicted effect of the Prandtl or Schmidt
number on the transfer rate. For example. the equation of
Rannie predicts that at large Prandtl or Schmidt numbers
the Nusselt or Sherwood number varies with or
S 1/2c • while the equations of Lin et al. and Deissler
lead to the exponent of 1/3 and 1/4 • respectively.
Some expressions for Nusselt numbers at very large Prandtl
numbers are listed in Table 1-2.
Besides these relations based on more or less real-
istic concepts of the transport processes, there are many
purely empirical correlations for the Nusselt number as
functions of the Reynolds and Prandtl numbers. Among
such correlations. the equation of Dittus and Boelter (8).
the analogy of Chilton and Colburn (2). and the equation
of Sieder and Tate (61) are well-known. Since the
experimental data on which these empirical correlations
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Table 1-2
Expressions for fulsselt Number
at Large Prandtl Number *)
Reichardt (53)
Nu = 0.0855 h/2 Re Pr1 / 3
Lin, Moulton and Putnam (33)
~ 1/3Nu = 0.0571 vf/2 Re Pr
Deissler (7)
Nu = 0.112 If/2 Re Prl / 4
Rannie (50)
Nu = 0.0438 If/2 Re Prl / 2
Wasan and Wilke (68)
Nu = 0.058 If/2 Re PrO. 34
Son and Hanratty (63)
Nu = 0.121 h/2 Re Prl / 4
*) For mass transfer Nu and Pr should be replaced by
Sh and Sc respectively.
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are based were obtained at Prandtl numbers ranging from
0.7 to 120, these empirical equations fail to represent
the experimental results at larger Prandtl or Schmidt
numbers.
The inadequacy of most of the previous analyses at
large Prandtl or Schmidt numbers is principally caused by
the expressions Jused for the eddy diffusivity in the
region very close to the wall. This region is important
because of the extremely large temperature or concentra-
tion gradients in that region at large Prandtl or Schmidt
numbers.
However, little is known about the behavior of small
eddies very close to the wall because of insufficient
theoretical investigations and reliable experimental data.
A number of empirical expressions have been proposed for
the eddy diffusivities near the wall as listed in Table
1-3. Very few of them are based on experimental data.
Most of expressions in Table 1-3 are those for
momentum. To obtain the Nusselt number it is often assumed
that the eddy diffusivity for heat is equal to that for
- 6 -
Table 1-3
Various Expressions for Eddy Diffusivity
near the Wall
Reichardt (53)
+ +lM/v = 0.4 {y - 11 tanh(y/ll)}
+ 1 ··1 +)3y + 0 EM v = 0.00110 \Y
Lin. Moulton and Putnam (33)
+ 3EDlv = (y 114.5)
+y + 0
Deissler (7)
EMlv = n2 U+ y+ {I - exp( _n2 U+ y+)}
n = 0.124
Rannie (50)




EM = K 2 y2 {1 - exp(_y/A)}2 IdU/dy/
K = 0.4
Sleicher (62)
+y -+ 0 E =M
/ 8 8 (y+)2EM \! = 0.00 2 .
+y -+ 0
Spalding (64)
EM/v = AB {exp(BU+) - 1 - BU+ - (BU+)2/ 2
_ (BU+) 3/6}
A = 0.1108 B = 0.4
+y -+ 0
Wasan, Tien and Wilke (67)
+ +EM/v = F(y )/ {I - F(y )}




momentum. However, the evidence for this assumption is
not affirmative and the ratio EH/EM must be determined
experimentally or theoretically.
Various investigators (23,36,39,46) have determined
this ratio for the turbulent flow of air or mercury in
tubes. It is of the order of unity. values in the
literature varying from 0.9 to 1.7. However, no
experimental data in the region near the wall had been
obtained. On the other hand, when the values of Prandtl
and Schmidt number are equal, the eddy diffusivities for
heat and mass may also be equal because it is reasonable
to assume that the mechanisms of eddy diffusion of heat
and mass are analogous.
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1-2 Purpose of This Study
The purpose of this study is to investigate the
transfer mechanism of heat and mass in the vicinity of the
wall to obtain accurate values of the transfer rates at
large Prandtl or Schmidt numbers.
The study was started with precise measurements of the
eddy diffusivity for heat in the region near the wall, and
then a theoretical analysis was made to predict the eddy
diffusivity for heat at any value of Prandtl and Reynolds
number. Finally, the mass transfer rates at large Schmidt
numbers were measured and compared with the calculated
values.
Chapter 2 deals with the experimental method used in
measuring the eddy diffusivities for heat transfer near
the wall. The eddy diffusivities for heat were obtained
from the temperature distributions which were measured
precisely by means of an interferometric method using a
Mach-Zehnder interferometer.
In Chapter 3 an analytical expression for the ratio
- 10 -
of the eddy diffusivities for heat and momentum are
presented by modifying the mixing length theory. This
analytical expression shows that the eddy diffusivity for
heat depends on the Prandtl number and the eddy Qiffusivity
for momentum. Therefore, the expression for the eddy dif-
fusivity for momentum is required to predict the eddy
diffusivity for heat.
Simple equations for the eddy diffusivity of momentum
which are based on the experimental results available in
the literature, and the universal velocity profile which
in turn is obtained from the distribution of the eddy
diffusivity for momentum, are presented in Chapter 4.
Chapter 5 deals with the comparison between the
theoretically and experimentally obtained mass transfer
rates at large Schmidt numbers and discusses the effect of
the Prandtl and Schmidt numbers on the heat or mass
transfer coefficient.
In the concluding chapter, 6, the final results of
this f,tudy and recommendations for further work are given.
1-3 Basic Equations
For a steady, fully developed rectilinear flow betWeen
parallel plates, the time-smoothed equations of motion,








are the viscous and turbulent
energy dissipation functions respectively.
The shear stress T, heat flux q, and mass flux N,
which are associated with ~he transport of momentum, heat
and mass respectively in the direction normal to the wall,
are given by
T = - 11 dU + P uvdy (1-4)


































3e -N = -D - + CV3y (1-6)
"There u,v, t and c denote the fluctuating components.
rrhese equations are valid if convection occurs only in
the x-direction (parallel to the plane surface) and
molecular and turbulent transport occur only in the y-
direction (perpendicular to the wall surface). The
coordinate system is shown in Fig. 1-1.
The definitions of the eddy diffusivities for
momentum, heat and mass are as follows,
dU (1-7)uv = - EM dy
tv 3T (1-8)= - EH -'dy
de (1-9)C"Tv = -
T = (1-10)
1-3-1 Velocity distribution and ~iction factor
(1-11)
(1-12)
Equation (1-1) may be integrated subject to the
boundary conditions
y = 0 to give
T = 0 at y = Hand T = T at
w
T = T (1 - y/H)
w
(1-13)
in which H is the half width of a two-dimensional channel.
Equations (1-10) and (1-13) may be combined to give the
dimensionless velocity distributiohas
+
I: + ++ 1 - Y /H + (1-14)u = dy1 + EM/v
The friction factor is defined as
The average velocity <U> over the cross section of the
. flow between two parallel plates is given by
'(1-16)
Substituting equation (1-16) into equation (1-15), one
obtains the following expression for the friction factor
in terms of the dimensionless quantities.
+
2 ( H+ / r U+ + )2 (1-17)f = dy0
If the pipe radius, R, is used instead of the half
width of the parallel plates, H, the-equations (1-13) 'V
(1-15) may also be used for a cir9ular pipe flow.
However, equation (1-16) for the average velocity must be
- 16 -
replaced by the following expression
<U> = U (R - y) dy (1-18)
Hence, the friction factor for a circular pipe flow is
given by
1-3-2 Temperature or concentration profile and Nusselt
or Sherwood number
In discussing the turbulent heat flow problem under
ordinary conditions, it is customary to drop the viscous
d " " t' t ",(Q,) d Jt). M "t blSSlpa lon erms, ~ an ~ oreover, l may e
assumed that the convection terms on the left sides of
equations (1-2) and (1-3) can be neglected, or in other
words, that the heat or mass flux may be assumed constant
- 17 -
at any value of y. This assumption may not cause serious
errors at large Prandtl or Schmidt numbers because the
resistance of heat or mass transfer is concentrated in the
region near the wall.
With these assumptions, equations (1-2) and (1~3) may











T) and C* = (C - C )/(Cb - C ).w w w
T* = 0 , C* = 0









The values of T* and C* at +y = 00 are essentially unity
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'because the temperature and nea:rl~i[
constant except in the region ve:c.'r
they are considered to be the bulk or concen-
tration at large Prandtl or Schmidt numbers,
Equations (1-20) and (1-21) are integrE.ted, with the

































where h = h!pCpU* and K = K/u*,
ahd Sherwood number are given by
"1/2 +Nu = Re Cf/2) Pr h
whereNu, Sh, and Re are defined as
Nu = h (4H)/k
Sh = K(4H)!D








Equations (1-20) '" (l-31) are also va1id :for a :flow
in a circular pipe, since the thermal or concentration
boundary layer is thin enough that the curvature o:f the
wall can be ignored at large Prandtl or Schmidt numbers.
However, the expressions o:f Bu, Sh, and He :must be replaced
by the :following equations.
Bu = h(2R)/k
Sh = K(2R)/n




Thus, to evaluate the Busselt and Sherwood numbers,
the eddy di:f:fusivities ~ and ~ :must be evaluated as
:functions o:f position and :flow conditions.
1-3-3 Eddy di:f:fusivity in the region very close to 1;he
wall
Near the wall, the :fluctuating and the time-smoo1;hed
- 21-
velocities. tempera~uresan4eoncentrationscan be express-
ed by Taylor series about y = 0 as
2 Iti = au +..!. a u 2
dylw y 2 ~2w y
dy I






C = aylw y + 2" ay2 w y + .
U aUI . 1 a~I··· .2 '.
. = ay w y + 2' ay2 W y +~ • ,; .••••
aTI . 1 aSrI· 2T=·- y+--.--... Y +





The equation of continuity for the fluctuating veloci-
ties is written as
3u/dx + dv/ay == 0
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Equation (1-45) requires that dV/dylw = O. Combination
of equations (1-38) and (1-39) gives
Similarly,
4y + ....•.. (1-46)
3
+.l.dcl dV\ )y4+ .......
6 dy w dy3 w (1-48)
On the other hand, combining equations (1- 4), (1-13) and
(1-42), one obtains the expression for the turbulent shear
stress as
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Comparing equation (1-49) with (1-46), one obtains
= 0 etc.
Therefore, the time-smoothed velocity and the turbulent
shear stress near the wall can be expressed in dimension-
less form as












+ 4(y) - ....
(1-51)
By definition (1-7), the expression for the eddy diffu-







Following a similar procedure, one obtains the power
series expressions for the eddy diffusivities for heat and
mass as
( +)3 1y -4j
(1-54)
where +T = pC u (T - T )!q
p * w w
The above results demonstrate that the eddy diffusivities
for momentum, heat and mass vary near the wall with'a
power· of the distance y ,not less them three.
For a small range of +y , and E: IvD
are usually expressed as follows,
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EMlv = A (y+)a (1-55)
EHlv == B (y+)b (1-56)
ED!v = C (y+)c (1-57)
where A and a are constants and B (or C) andb (or
c } may be :functions o:fthe Prandtl (or Schmidt ) number .
A controversy (11,20,41,44,53,63) has existed over
the question o:f whether the eddy di:f:fusivities near the
wall vary with the third or fourth power o:f the distance
+8 < y <40 , calculations ofIn the region
€:M
from the velocity profiles indicate that EM isl'oughly
quadratic in y (19). This value; a~ 2 , is lower than
the value of 3 or higher predicted by' the above disccus-
sion. Accordingly, this region +8 < y < 40 cannot be
considered to be sufficiently close to the wall. where the
above results are valid. GJ'Der to the l.fallthan tb.is it
is t to
ty profiles because the eddy diffusion rate of momentum
near the wall is extremely small compared with that of the
molecular diffusion (see equation (1-10».
Son and Hanratty (63) presented an empirical correla...
tion in which ED varied with the fourth power at
Their ~ork was criticized by Hughmark (22) and by nubbard
(21) on the grounds that Son and Hanratty had not used the
best available data, and they concluded that ED varies
with the cube of y.
However, there seems to be no accurate data from
which one might draw a definite conclusion to this problem.
One of the purposes of this study is to determine the
values of band c experimentally.
CHAPTER 2
EDDY DIFFUSIVI[1Y FOR HEAT TRANSFER
2-1 Introduction
The eddy diffus,ivity for heat, EB " is calculated by
equation (1-8) from the temperature profile and the turbu-
lent heat flux distributiqn, or by equation (1-11) from
the temperature profile and the total heat fluxdistri-'
bution.
No experimental and theoretical studies are available
on the turbulence quantities of the temperature fluctu-
ations or their correlations with the velocity fluctu-
ations, e.g. the turbulent heat flux. Most of the .measure-
ments made refer to the temperature distributions in an
air flow and were restricted mainly to the region of the
- 28 -
turbulent core (25, 43,45), that is, the data for the
eddy di:f:fusivity o:f heat available are restricted mainJ.y
to air, which has a Prantdl number of the order of' unity,
and to the turbulent core.
As seen :from equations (l-ll) arid (1...12), it seems
impossible to obtain the eddy di:f:fusiitity :for heat or
mass near the wall :f1"om the measurements of' temperature
or concentration profiles at the Prandtl or Schmidt number
o:f about unity becauSe the molecular di1'fUsion rate 01'
heat or mass has the same order 01' :magnitude as that 01'
momentum which is extremely large in comparison with the
eddy di:f1'usion rate o:f momentum, heat or mass near the
wall.
However, the measurements o:f the temperature or
concentration pro:files near the wall in a highly viscous
liquid stream are recommended, since the molecular dif-
:fusion rate o:f heat or mass is lower than that of' mo-
mentum, and the e:f1'ect o:f small eddies in the layer near
the wall becomes appreciable and can be quantitatively
detected :from temperature or concentration distribution
measurements.
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Along these lines, Lin, Moulton and Putnam. (34)
measured the concentration profiles at large Schmidt
numbers vith a Mach-Zehnder interferometer. However., the
rectangular- duct used by them had a very small aspect
ratio of' 1.67 ; hence the flow in their duct can not be
regarded as two-dimensional. In addition, most of their
experimental runs were made at the Reynolds number less
than 10,000 and the Schmidt number o:f 900 ; and the entry
length seems to be too short to develop the concentration
profile fully •
. The purpose of' the present -work is to measure pre-
cise-ly the temperature distributions near the wall in
fully developed turbulent liquid streams to obtain accu-
rate distributions of the eddy diffusivity for heat in the
region close to the wall.
2-2 Experimental Method
The temperature distribution near the wall was
measured by means of a Mach-Zehnder interferometer. The
optical method is superior to the ordinary traversing
method, since the former avoids disturbing the flow.
2-2-1 Mach-Zehnder interferometer
Two-beam interferometers, among which Mach-Zehnder
type is the best known one, are convenient for the precise
meas-urement of the temperature. In this instrument, the
phase difference between a test beam and a reference
beam is determined. This phase difference is caused by
the inhomogeneity of the refractive index or by a differ-
ence in the geometrical path length of the light beams.
A number of studies have been maae on the precision
and adjustment of the Mach-Zehnder interferometer, such
as done by Hansen (14), Schardin (55)' and Kinder (28).
Mach-Zehnder interferometers have also been utilized by
many investigatD1:'s in the of therma,l
layers (13) and supersonic air jet (70), etc.
The Mach-Zehnder instrument used in these experiments
was a vertical type made by Mizojiri Optical Industry Co.
Ltd., Tokyo. Figure 2-1 is a schematic diagram of the
interferometer and associated optical equipment.
The light from source H, passing through an aperture
S, is rendered parallel by the lens L2 and is divided by
the beam-splitter, plate 1. The transmitted beam A pro-
ceeds to the plane mirror 2 and the reflected beam B to
the plane mirror 3. The two beams are recombined by the
plate 4, and produce interference fringes which are
focussed on the screen P by the lens L3 .
Plates 1 and 4, plane mirrors 2 and 3 are
circular, 100 mm in diameter. Aluminum coatings on the
plates providing for half transmission and half reflection
were made by evaporating aluminum metal in a vacuum. The
light source is a high pressUre, 75 watt, Toshiba SHL-
100 UV type mercury arc lamp, producing monochromatic light
.• ' .
o

















Fig. ; 2-1' Schematic diagram of the Mach-Zehnder inter-
ferometer and associated optical apparatus.
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2-2-2 Experimental apparatus and procedure
(a) Apparatus
The fluid flows in a rectangular duct 10 rom high and
lOa rom wide, so the effects of the side walls may be neg~
lected. The test section'is made of brass as shown in
Fig. 2-2. The windows are high qu~lity optically flat
glass plates of uniform thickness (lQ rom), thereby avoid-
ing distortion of the interference fringes. The glass
p-lates are mounted parallel to each other.
The test section is placed in path B of the inter-
ferometeras shown in Fig. 2-1. To equalize the light
beam paths, a compensating chamber having the same width
as that of the test section and glass windows similar in
both thickness and quality to those in the test section,
is placed in path A.
The rectangular ducts, one 220 em long and the other
70 cm long, are made of brass and have the same inside
dimensions as the test section. They are connected. to









Fig. 2-2 Cross section of the testing duct.
sections. ~he upstream length is about 120 equivalent
diameters of the duct; hence the flow in the test section
may be considered to be thermally fully developed.
As shown in Fig. 2-3, the fluid is circulated by
means of a polyvinyl chloride pump 2, through a 0.2 m3
stainless steel storage tank 1. A head tank 4, is used to
provide a constant head for uniform flow and the tempera-
ture regulating tank 3, in which a thermostat is provided
to keep the temperature of the fluid constant. The fluid
from the head tank is introduced into a stainless steel
mixing tank 5, to make the temperature of the fluid uni-
form, and then it is divided into two flows. One flow lS
introduced directly into the jacket 12, and the other,
after being heated slightly by an electric heater 6,
passes through a tank 8, to achieve a uniform temperature,
and then enters the rectangular quct 9. The latter fluid
lS cooled by the colder fluid in the jacket. The fluids
in the duct and jacket flow counter-currently.
To prevent the circulating fluid from contamination,
vinyl chloride plastic valves and pipes are used through-





























Before measuring the temperature distribution, the
interferometer was first adjusted with the aid of a tele-
scope to give fringes of proper width perpendicular to the
wall where heat transfer would occur. and the fringes were
focussed at the test section.
Next. the temperature gradient was established by
heating the fluid flowing In the duct. The telescope was
then replaced by a camera to take a picture of the fringes.
Kodak TRI-X Pan films with 10 to 20 seconds exposure were
found satisfactory for this purpose. Enlarged prints were
made from the negatives, the over-all magnification being
approximately 60 times. Hence the temperature distri-
butions at distances of the order of 0.01 rum from the
wall could be measured.
The fluids used were water and aqueous solutions of
glycerol. The temperature of the fluid was varied from
26 to 50 °e, and the temperature difference between the
fluid and the wall was about 0.01 ~ 0.3 °e. Experiments
- 38 -
were performed at Prandtl numbers from 6 to 40 and
Reynolds numbers from 11,700 to 26,400. The Prandtl
numbers were varied by altering the temperature and
glycerol concentration.
2-2-3 Method of analyzing the interferograms
(a) Calculation of temperature profile from an inter-
ferogram
Local temperature variations in the fluid, with
resultant changes in the refractive index, cause the di~­
placement of the interference friages. The measurement of
the displacement o~ the fringes gives an accurate quanti~
tative value of the local temperature at any point in the
fluid.
If the refractive index of the fluid in the test
section changes from nO to n, the interference fringes
are shifted and :it follmrs that
where L denotes the width of the liquid over which the
light beam passes, m the number of the fringe shifts,
and A the wavelength of the light used respectively; the
quantity m need not be an integer.
In the region in which the temperature change is




TO - mX jt ( dnld~f) (2-3)
The flow In a rectangular duct may be assumed to be
two-dimensional and if the temperature distribution exists
in a transverse direction to the flow direction, the inter-
ference fringes are shifted in the way shown in Fig. 2-4
(b). The x-, y-, and z-axis correspond to the direction
of the fluid flow, perpendicular to the wall, and the






(b) Fri nge displacements
Fig. 2-4 Schematic sketch of fringes.
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If the temperature were uniform throughout, the center
line of fringe A instead of that of B would pass
through the point Q. The shift of one fringe at this
point indicates that there is one less wave of light in
the path through Q than there would be if the temperature
at Q were the same as at P , i.e. m = 1 at Q.
Generally the fringe shift is given by the relation m =
6WjW , where W denotes the width of the fringes. The
Fizeau fringes which are equally spaced were used in this
experiment.
(b) Refraction effect
Refraction of the interferometer beam in passing
through the region in which the temperature gradient
exists, owing to the lens action of this region, cannot be
avoided. Since the refractive index obtained from an
interferogram is the average value over the entire path
length of the refracted light beam, a correcting calcu-
lation is needed to obtain the true refractive index
profile.
The incident light beam at y = y., parallel to the
l
wall, refracts as shown in Fig. 2-5 and produces the
- 42 -
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0, \1 IS >' ~n
Yo
of n( y)
Distri but ion of nf (yo)
y
Fig. 2-5 Light beam through a one-dimensional refractive index ~ield n = n(y)
and the distributions of n = n(y) and nf = nf(yo)'
virtual interference fringes at z:: L. If the refractive
index n is assumed to be a function of y only, the
following equation is obtained from the Snell's law.
n(y.) sin(1T/2) :: n(y) sin <p
l
(2-4)
The equation of the path of the light beam is given by
dz/dy :: -tan 'f (2-5)
From equations (2-4) and (2-5), eliminating the angle of




Integration of equation (2-6) with the boundary conditions
Z :: 0 at and Z :: L at y:: YO leads to
y.





This equation determines the relation betWleen n~y.) and.
1
The average refractive index over the entire path
length of the refracted light beam is





) ~ ~dz/dy)2 + 1. )1/2 dy
YO
By using eCluation (2-6) one obtains
(2.-8)
Wlhere L,l is the actual path length o,f the ligltrt beam;.









The average refractive index, n , may then be obtained
av
by counting the fringe shifts in the interferogram and
calculating by the following equation.
n L' - n L = mA
av 0 (2-10)
However, since the actual path length L' is unknown, the
width of liquid L is used instead. Thus the refractive
index is given by
(2-11)
From equations (2-8), (2-10) and (2-11) it follows that
1 (i
nf = L )
YO
( 2-12)
Since ]_8 obtained by the interfere11ce at z = L ,
is considered to be a f~~ction of Le.
(see Fig. 2-5). Equation (2-12) determines the relation




from the two equations (2-7) and
(2-12), one obtains
Since the profile of nf(yO) is obtained by equation
(2-11) from an interferogram, the functional form of n(y)
can be obtained by equation (2-13).
The computation was performed by assQming that n(y)
may be approximated by a linear function of y over a




The photographs of the interference fringe displace-
ments of each run were taken. A san~le of the photographs
is shown in Fig. 2-6.
Table 2-1 shows the experimental conditions for each
run. In some runs, the effects of axial transport of heat
by convection and energy dissipation cannot be neglected
because the heat flux at the wall is very small, i.e. the
Brinkman number is large. Hence the values of the eddy
diffusivities for heat, sHIv , were calculated from the
temperature profiles, which were evaluated from photo-
graphs of the interference fringes, taking into account the
convection term and dissipation terms in equation (1-2).
The temperature gradient In the x-direction, aT/ax ,
was calculated from the width of the interference fringes.
In the test section, if aT/ax is a function of y only,
the following relation is obtained.
aT
ax








Run Prandtl Reynolds Brinkman
number number number number *)
1 **) 39.5 13,000 8.82Glycerol
2 " 34.5 14,400 4.61
3 " 34.5 11,700 2.77
4 " 31. 0 16,100 3.61
5 " 30.9 13,300 0.708
6 " 25.8 19,400 2.66
7 " 25.6 13,000 0·509
8 " 14.9 22,100 0.482
9 " 14.5 13,400 0.0636
10 " 9.90 22,800 0.0944
11 " 9.66 18,000 0.0327
12 Water 6.01 26,400 0.0141
13 " 6.01 16,700 0.00402
14 " 6.01 14,100 0.00770
*) Brinkman number is defined as
**) "Glycerol" means an aqueous solution of glycerol.
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where Wand W' are the width of the fringes with no
temperature disturbance and with temperature disturbance
respectively.
The turbulent energy dissipation function was assumed
to be
(2-15)
This assumption may be applied to the buffer region (17),
but may not be applied to the region very close to the
wall. However, in the region very close to the wall,
is very small in comparison with ( Q, )]J<P , so the
assumption (2-15) may not cause the serious errors.
The distributions of the eddy diffusivity for
momentum EM and the velocity U used are given in
Chapter 4. The heat flux at the wall was computed from
the temperature gradient at the wall.
The data of are listed in Table 2-2 and
plotted in Fig. 2-7. The experimental results are some-
what scattered and no dependence of €H/V on the Prandtl
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Table 2-2
Experimental Results of Eddy Diffusivities for Heat





4.86 0.0110 6.23 0.0393
7.10 0.0411 7.96 0.0833
8.83 0.0958 9.31 0.150
9.69 0.153 10.6 0.196
11. 4 0.252 12.3 0.299
13.6 0.450 15 0.602
17.5 1.16 19.7 1.39
25.3 2.89 28.2 5.01
29.6 5.30 33.7 6.35
38.2 8.67 42.2 9.83
47.3 13.4 49 ..0 16.8
57.5 17.2 66.1 20.0








'{ . ",0],.02 8,13 0.0111
8,67 0.0151 8, 0, 7
9. )~O 0.0390 10.0 0,
10.6 0.0'Tii5 11.0 0.0920
11. 6 0,121 12.1 0.160
14.1 0.250 15.7 0
16.1 0.435 18.3 0.670
20.1 1.02 22.2 1. 30
28.5 4.59 32.7 10.0
34.9 11.9 38.0 12.6
49.0 19.4 59.9 20.3
Run 3 Pr = 34.5 Re = 11,700
H;.1lJ.
+ SHI \! + SH I \!Y Y
13.8 0.118 14.5 0.234
15.3 0.398 16.1 0.632
16.9 0.952 17.7 1.37
18.5 1.94 19.3 2.78





4.73 0.00292 5.07 0.0137
6.80 0.0398 7.84 0.0412
8.88 0,0702 9.92 0.133
12.0 0.214 12.6 0.244
34.7 13.9 36.9 16.4
Run 5 Pr = 30.9 Re = 13,300
+ E:H/v + E:H/vy y
5.82 0.0130 6.20 0.0182
7.97 0.0429 10.2 0.199
11. 5 0.361 12.8 0.500
14.6 0.949 16.8 1. 84










8.04 0.0541 9.12 0.0564
10.3 0.0937 10.8 0.150
11.6 0.202 12.8 0.399
11.l.0 0.627 15.2 0.872
16.4 0.974 11.6 1. 00
18.7 1.09 19.5 1.10
23.1 2.74 24.9 3.86
27 G )~. 5.81 29.8 6.44
32.8 9.20 35,3 10.8
43.7 11,8 50.1 21.4
Run 7 Pr = 25.6 Re = 13,000
+ E:HIV + sHivy y
2.17 0.00173 5.63 0.0100
6.49 0.0691 7.36 0.0912
9.09 0.109 9.95 0.137
11.3 0.240 12.2 0.322
13.4 0.470 14.7 0.587
16.0 0.687 17.3 0.864
18.6 loll





~ tvy y te HI
4.19 0.00832 4 82 0.0154
5.96 0.0184 6.73 0.0196
7.13 0.0488 9 .. 12 0.12)-1-
10.7 .0.244 1;:::.8 0.280
13.1 0.327 14.4 0.364
16.4 1. 03 17 .3 1.61
18.5 1.67 20.5 2.31
22.6 3.04 24.6 3.72
26.7 4.14 32.8 4.87
35.5 8.23 39.6 12.2
42.7 14.7 58.9 24.7
68.8 29.6 77.6 36 7
89.1 42.2
Run 9 Pr = 14.5 Re = 13,400
+ SHiv + SHivy y
4.95 0.00266 6.20 0.0319
7.76 0.0661 8.42 0.152
11. 5 0.294 12.4 0.297
16.4 0.580 18.2 1.12
20.4 2.08 22.2 2.58




Run 10 Pr = 9.90 Re = 22,800
+ E:H/ v
+ E:H/VY Y
4.25 0.0123 6.41 0.0243
6.99 0.0343 9.09 0.114
11. 2 0.346 13.3 0.429
17.5 0.458 19.6 0.617
21. 7 0.983 23.8 1. 43
26.6 2.13 30.1 3.68
32.9 5.13 35.0 6.95
39.1 11.3 100.0 27.9




10.3 0.0678 12.0 0.166
14.0 0.190 18.5 0.435
20.0 1.20 22.4 1.31
24.7 1.78 32.6 3.77











sHiv + sHivy y
6.6 0.100 8.1 0.142
9.6 0.187 13.9 0.220
15.9 0.450 17.1 0.600
21.0 0.830 24.1 1. 57
26.7 2.76 29.4 3.35
31. 3 4.30 35.0 7.10
45.9 15.1
Run 13 Pr = 6.01 Re = 16,700
+
sHiv + sHivy y
6.31 0.0396 6.7 0.0735
7.8 0.103 8.8 0.154
10.0 0.212 11.8 0.325
15.0 0.580 17 .0 0.820
19.9 1. 40 21. 7 2.03








5.9 0.0680 6.8 0.0820
8.6 0.124 10.3 0.175
13.1 0.415 14.6 0.351
17.6 0.945 20.6 1. 59
25.9 3.15 28.9 4.55
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Fig. 2-7 Experimental results of eddy diffusivities
for heat
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number could be detected within the accuracy of ~he data.
The accuracies of the measured values ->Tere estimated as
follows.
The accuracy of the distance from the wall was 10-3
em, which was estimated by considering the degree of
parallelism between the light beam and the wall surface,
the error in reading the fringe shifts in an enlarged
photograph, and the degree of flatness of the wall surface.
The temperature is calculated from equation (2-3).
I
By the law of propagation of error the probable error of
the measurement of the temperature is given by
2 1/2
+ (Edn/dT/(dn/dT)) } (2-16 )
The accuracies of the used values of A , L ,and dn/dT
were and respectively. The value
of m was calculated by the relation m = ~W/W and ~W
was calculated as follows (see Fig. 2-4).








Therefore, the probable error of ~W is given by
(2-18)
Since the value of W was nearly 10 mID on an enlarged
photograph, the maximum errors in reading of xl' x2 , ...
etc. were considered to be about 1 mm. And the number
of fringes, j, was nearly 50 in this experiment. Thus
the probable error of the fringe shifts was estimated as
From the fact that the value of "m was smaller than the
order of magnitude of unity and the estimated accuracy of
m was 1 % in this experiment, one can obtain the
probable error of the measurement of temperature from
equation (2-16) as follows.
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To obtain the eddy diffusivity for heat, the value
of dT/dy must be known. Since the graphical or numerical
differentiation lower the precision of the differentiated
values, an approximated polynomial of the temperature
distribution which was obtained by the least square method
was differentiated analytically with y in this study.
Hence one can obtain the probable error of the temperature
gradient from the estimation of the probable errors of the
coefficients of the polynomial and the following result
was obtained in this experiment;
in the region near the wall (y+ < 5 'V 6)
EdT/dy/(dT/dY) ~ (0.5 'V 1) x 10-1
in the region far from the wall +(y > 5
x 10-1
'V 6)
The heat flux is calculated by integrating equation
(1-2). The temperature gradient in the x-direction, dT/dy,
and the turbulent energy dissipation function were calcu-
lated from equations (2-14) and (2,..15) respectively. The
probable error of the heat flux is given by
Eq (dq/ dy) EY
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From equations (1-2) and (2-19) the following value was
obtained in the whole region of the flow.
E /Q < 2 x 10-2
Q
The eddy diffusivity for heat is calculated from
equation (1-11) and the probable error of EH/V is given
by
EH ECp )2 +
EH E )2 + ( 1
Ek ?E = { ( ( -2EH/V v c v )l Pr kp
E 1 E3T/ 3y )2}1/2+ ( L Q ...9..)2 + ( QPr k3T/3y Q Pr k3T/3y 3T/3y
,
(2-20)
Taking into account that the accuracies of the physical
properties were about 1 % and that the estimated accuracy
of Q was smaller than that of 3T/3y, one can see from
equation (2-20) that the main contribution to the precision
of EH/V was the accuracy of the temperature gradient,
3T/3y, which was difficult to measure accurately, and can







It is seen from this equation that the measured values of
EH/v for smaller Prandtl numbers are less reliable than
those for larger Prandtl numbers. In the region near the
+
wall (y < 5 ,\, 6 ) equation (2-21) was reduced to
- (0.25 ~ 0.5) x 10-2
where the Prandtl number is tak.en to be 20c On the other
E /'0 + 4hand~ the measured values of at "JT < were lessH
-2 + 4than 0.5 x 10 . Hence these data at y < are not
reliable. + 40 equation (2-21)At Y > 30 ~ wa.s reduced to
that is, the maximum error in that region was 50 %. For
the region +5 ~ 6 < y < 30 ~ 40 the accuracy of
was calculated by making use of equation (2-21) directly.
In Fig. 2-7 the maximum deviation from the most
probable values of EHlv at Pr = 20 is shown by the
dotted lines. It is seen from this figure that the measured
values are scattered within the area between the two dotted
lines.
Finally it is noted that the all numerical calculation
and the correction calculation were made with eight
significant figures to neglect the calculation error in
comparison with the measurement error.
From Fig. 2-7 + to changethe exponent of y seems
3 to 4 + small, and thefrom gradually as y becomes
data are correlated by the following equations.
4 + 14 EH/V 10-5 (y+)4 (2-22)< y < = 1.31 x
14 + 42 EH/V -4 (y+)3 (2-23)< y < = 1.93 x 10
42 + E Iv = 0.36 + (2-24 )< y y - 1H
These equations are plotted in Fig. 2-8 with several
predictions from other investigators. The experimental
results show that in the region near the wall, the values
of EH/V are smaller than the predictions of other
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Fig. 2- 8 Comparison of experimental result
with predictions of other investigators.
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2-4 Conclusion
1. The experimental data at Pr = 6 ~ 40 and Re =
11,700 ~ 26,400 are correlated by the following equations.
4 < + 14
€H/ v 1. 31 x 10-5 (y+)4y < =
14 + 42
€H/ v -4 (y+)3< y < = 1.93 x 10
42 +
€H/ v 0.36 y
+
< y = - 1
2. In the region close to the wall the values of EH/V
are smaller than the predictions of other investigators
for €M/v and ED/v ; no dependence on the Prandtl
number could be observed in the range of the experiment.
3. The exponent of +y seems to change from 3 to 4
gradually as +y becomes small.
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CHAPTER 3
RATIO OF THE EDDY DIFFUSIVITIES FOR HEAT AND MOMENTUM
3-1 Introduction
To calculate the Nusselt number it is often assumed
that the eddy diffusivity for heat is equal to that for
momentum. However, there is no evidence to support this,
Various investigators (23, 36, 39, 46) have determined
-:the :ratio EH/EM in pipe flow and in two-dimensional chan-
-YuH 'flow. From tempera.t"ureand velocitydistriblltions
measured in the air flowth~ough a horizontal duct, Page' et
al. (46) determined the distribution of the ratio across
the duct. They found that the ratio decreased with increas-
ing Reynolds number, approaching unity and increased from
the center toward the wall. No data in the region near
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the wall were obtained,
Just opposite results were obtained by Isakoff and
Drew (23) for mercury flowing upward in a vertical heated
pipe. The ratio increased with increasing Reynolds
numbers and varied across the pipe in such a way that a
maximum value occured at roughly y/R = 0.2. It decreased
sharply toward the wall region. Here too, no data for the
wall region was given.
Jenkins (24), Deissler (5), Azer and Chao (1),
Mizushina and Sasano (39) and others (37, 66) have at-
tempted to evaluate the ratio theoretically by modifying
the mixing length theory, or by other models. However,
the results obtained by these.investigators are consider-
ably different from each other and were derived mainly for
the eddies in the turbulent core.
This chapter deals with an analytical expression for
the ratio of the eddy diffusivities for heat and momentum
which is valid in the region nea~ the wall.
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3...,2 Basic Concept
The basic concept is that a spherical ed~y partiCle
loses a part of its heat and momentum as it travels over a
distance equal to the mixing length.
It will now be assumed that an eddy p~rticle is dis-
placed from one layer at y - 9., to another at y and has
a constant velocity v' in the positive direction of y
as shown in Fig. 3-1. The velocity v'is defined as
v' =~ . The eddy particle loses a part of its original
momentum as it travels over the mixing length, the loss of






where d denotes the diameter of the eddy particle, U
P
the velocity of the eddy particle in the x-direction, CD
the drag coefficient and { dU !d(s!v')} the accelerationp
term.







Fig. 3-1 Explanation of the present model





Fig. 3-2 Explanation of the present model
for the turbulent exchange of heat.
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over the small interval £, i.e.
U = U(y - £) - {U(y - £) - U(y)} (s/£)
The boundary conditions are
U = ufy - t) at s = 0p
(3-3)
U = U ( £) at s = £
P P
Assuming that the drag coefficient cD in e~uation
(3-1) is constant over the small interval £ and
substituting e~uations (3-2) and (3-3) into e~uation (3-1),








and k is a constant.
The difference in the velocities of the eddy particle
and the flow at y is then
= U(y) - U (,Q,) -p
= n £~M dy
nM { U(y) - U(y - £)}
( 3-7)
Similarly the eddy particle which arrives at y from
the layer at y + £ posseses a velocity which exceeds
that around it, the difference being
= U (£) - U(y) =p nM { U(y + £) - U(y)}
= n £~ (3-8)M dy
In this transverse motion, the velocity v' lS in the
opposite direction to y .
The velocity differences caused by the transverse
motion can be regarded as the fluctuating velocity com-
ponents at y Hence one can calculate the time-smoothed
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absolute value of this fluctuation, i.e.
It follows from the preceding representation that the
eddy particle which arrives at layer y with a positive
value of v (upwards from below in Fig. 3-1) will give
rise to a negative value of u, so that their product
uv is negative. The eddy particle with a negative value
of v (downwards from above in Fig. 3-1) is associated
with a positive value of u and the product uv is again
negative. Hence one can assume that
uv = - k u'v'
where k is a positive numerical constant.
(3-10)
Combining equations (3-9) and (3-10), one obtains





In this expression the unknown constant k' is included
with the still unknown mixing length £. Consequently the
eddy diffusivity for momentum from equation (1-7) can be
written as
(3-12)
where nM is given by equation (3-5) and ¢M is rewritten
as
Similarly, for the heat transfer from an eddy particle
to the surroundings, the following equations are given
(see Fig. 3-2).
dT
(__TI__ pd3 ) C { p}= h (TId2 )(T - T )6 p d(s/v') e p




B.C. rr = 'r(y - 9,) at s =: 0p
T =: T (9,) at s =: 9"1:) P
where T is the temperature of the eddy particle, hp e
the heat transfer coefficient and { dT /d(s/v')} the
p
differentiation of T .
P
If the relation of Ranz and Marshall (51)
is assumed to be applicable to the heat exchange between
an eddy particle and its surroundings, equation (3-14) can






From equations (3-12) and (3-18), the ratio of the eddy
diffusivities for heat and momentum is given as
(3-21)
*) Although the quantity
should be used as the Reynolds number, the quantity dv'fv
is adopted instead, i.e.
over the small interval t
his assumed to be constant
e
Since the order of magnitude
of U - Up is considered to be smaller than that of v' ,
and to approach the latter at s ~ t, dv'fv is smaller
by a factor 1:2 at most than
This factor can be included with dft (see the denominator
of equation (3-20) ) which has not been still determined,
in other words, with the constants al in equation (3-33)
and in equation (3-38) which must be determined to
represent the experimental results. Therefore, the error
due to this simplification seems to be negligible in the
final result of this model.
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3-3 Assuruptions concerning the Mixing Length ~d the
Diameter of an Eddy Parti
The values of th~ mixing
determined by the quantities that
lence, such as the
the local Reynolds
£fd - fn (dv'/-v)
1£ the diameter of the eddy particle
micro scale of turbulence,
same assumption as that of von Karman (26).





From equation (3-23), one can obtain
IdU/dX I ~ /2 (U' / d) (3-24)
On the other hand, the time-smoothed absolute value
of the transverse velocity component v' was assumed to
be constant over the small interval 2~, as given in
Section 3-2. Hence one can assume
IdV/dy I = v'12~
From the continuity equation of the fluctuating velocity
components (1-45) and equations (3-24) and (3-25), one
obtains
~/d~( 12 /4) (v'/u') (3-26 )
Substitution of equation (3-26) into equation (3-13)
gives the result that nM is a definite value. Therefore,
from equations U-12) and (3-22), the ratio, ~/d, may be
considered to have the following functionality.
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The simplest form is
Substitution of equation (3-28) into equation
the result,
gives
(a) Determination of the values of and 13
In the turbulent core, it 'may '\suined that
u' ~ v' , and one obtains 1,/d a constant in the o:r'der
of unity from equation (3-26), i.e. the power number 1/13
In equation (3-28) is zero. In the turbulent core,
equation (3-29) may be rewritten as
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As seen from equations (3-19) and (3-30), the value of
nH approaches unity when EM/V increases to infinity and
nM is a constant; hence from equation (3-21) one obtains
lim a = l/nMEM/V+oo
From the exp~rimentalresultsof Mizushinaand
Kuriwaki (40) for the ratio of the eddy diffusivities In
the turbulent core at large Prandtl numbers, the value of
lim G is supposed to be unity, so the value of lS
taken as unity. Therefore, the following expression for
the ratio of the eddy diffusivities may be obtained from
equation (3-21) with nM = 1 ;
and from equation (3-30),
<PH =
In the vicinity of the wall, u' and v' are
considered to be proportional to the distance from the wall
and to the square of the distance, respectively, as shown
in Section 1-3. Hence from equation (3-26), one obtains
'lId 0: Y (3-34)
By comparing equation (3-34) with equation (3-28), one
obtains the following expression for the eddy diffusivity
of momentum near the wall.
In the region very close to the wall, equation (3.... 32) can
be simplified to (J;'; <PH ' and>using equation (3-35) and






As shown in Chapter 2, the experimental results for
the eddy diffusivity of heat in the region very close to
the wall show that £H/v
4
and hence, by comparing<X y ,
with equation (3-37), one obtains the result that the value
of 13 is 3. 'I'h1.ls,iIl the region close to the wall,
epH = ( 3-38)
The constants al and a 2 in equations (3-33) and
(3-38) are determined by using a suitable expression of
£M/V and fitting these equations to the experimental data
The expression for £M/v will be given in
the next chapter and the final expression for 0 is to be
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given in Chapter 5.
**) The quantity d {(u,)2 + (Vi )2}1/2/ v should be used
instead of dV'/V as the local Reynolds number of turbu~
lence, that is, the equation
(3-22a)
should be used instead of equation (3-22). However, it lS
evident from equations (3-22a) and (3-26) that there lS a
definite relation between u' and v'. Therefore, the
equation (3-22) can be used in place of equation (3-22a)
without loss of generality.
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3-4 Conclusion
1. The ratio of the eddy diffusivi ties for heat and mo-
mentum have been predicted by a modified mixing length
theory. The expression for the ratio is given by
ln the turbulent core;
2(ljal )Pr(EMj\!)
<PH = -12-+--3-.6-(-1-j-a=1-)I-j:-2---'pr:":'1- j:-3-(-E
M
-j-\!-)-=-17j 2=--
and near the wall;
2. The ratio a is a function of the Prandtl nurrwer and
the eddy diffusivity of momentum, and is smaller than
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approaches £M/V when the values of Prandtl number and
£M/V increase to infinity.
3. Using the present analYsis and the experimental re-
sults for £H/v, one obtains the result that the eddy




EDDY DIFFUSIVITY FOR MOMENTUM
4-1 Introduction
To predict the eddydiffusivity of heat using the
ratio a , the eddy diffusivity for momentum must be eval-
uated first. Numerous formulas have been proposed to de-
scribe the velocity profile (Table 4-1) and the corre-
sponding expression for the eddy diffusivity of momentum
for fluid flow i~ a tube (see Table 1-3).
Assuming that the eddy diffusivity of momentum 1S




Various Expressions for Velocity Distribution
Prandtl-Taylor (49,65)
+ 1 +U :;:: ~ In y + k
K
von K~rm~n (27)
+ +U = y
+ +U = 2.5 In y + 5.5
Reichardt (53)
turbulent core
0 +< y <
5 + 30< y <
30 +< y
whole region
Lin, Moulton and Putnam (33)
+
\: ++ dy b + 5U = ; y <+ . 3 =1 + (y /14.5)
+ (y+ 0.205) 3.27U = 5 In + -







V ~ 0.36 ln y + 3.8
;Rannie (50)
+ 1 +U = 0.0688 tanh (0.0688 y )
van Driest (9)






+ (0U = 2 )
Bleicher (62)
2 + 2 .. + 2 1/21+{1+4K (y (l-exp(-y /A)) }
whole region
U+ 1 -l( +)= 0.091 tan 0.091 y
+y < 45
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and constant shear stress~
T = T (const.)
w
(4-2)




Similar velocity profiles have been dedueed-f'rom-different-
assumptions by Prandtl (49", 56)", vonK:~ (21) and_ others.
Thus different values of IC and kare-usedby- dif'f'erent
investigators (4", 29", 42", 69) '" but IC =0.. 4~-ana. k~:5 ~ 5
are the generally accepted values.
However", this logaritbmic velocity distriliution 1alf -
does not hold for the region close to -the vali, Le.-
+ .
y < 30", and fails to predict a zero velocity gradient-.at
the axis. In additioD, the experimental data are slightly
higher than the logarithmic velocity curve near theax:is:
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For the region near the wall, the eddy diffusivity
for momentum becomes very small and hence the velocity
profile approaches asymptotically to U+ = y+ , that of
the laminar flovr. Since this equation does not hold for
+the 'vrhole range of y 30 it was desirable to obtain a
formula which could connect the laminar sublayer velocity
distribution U+ = y+ continuously and smoothly to the
logarithmic velocity distribution. equation (4-3).
I ,
Von Karman (27) proposed a simplified theory by
splitting the tube section into three distinct regions.
The drawback of his theory lS that the eddy diffusivity
for momentum ln the region y 5 is zero.
Rannie (50) and Sleicher (62)' proposed their veloel ty




EM/V ~ (y) ,in the region
On the other hand, from considerations of the behav-
lor of-the~~locity fluctuations in the immediate vicinity
of the wall, it is concluded that the eddy diffusivity for
momentum must increase at least as the third power of
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+y ,
as shown by equation (1-52). Reichardt (53), Deiss;Ler (7)
and van Driest (9) propqsed eA~ressions for the eddy dif-
fusivity for momentum near the wall by choosing a function
which satisfies the 3y or 4y behavior
and asymptotically approaches to the linear dependence on
y for large values of Yo
The expressions mentioned above successfully predict
the velocity profile, but the functions. used are ::wmewhat
arbitrary and complicated.
The present analysis gives simple and systematic for-
mulas for the eddy diffusivity for momentum which are
based on the experimental results available in the liter~
atures, and the universal velocity distribution which in
turn results from the distribution of the eddy diffusivity
for momentum. In this analysis, the effect of Reynolds
number on the eddy diffusivity for momentum is taken into
account.
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4-<.:' Distribution of Eddy Diffusivi ty for Momentum
4-2-1 Previous experimental results
The eddy diffusivity for momentum EM may be calcu-
lated by equation (1-14) from the velocity profile, or by
equation (1-7) from the velocity profile and the turbUlent
shear stress distribution.
The eddy diffusivities for momentum computed in both
these ways are shown in Fig. 4-1, using the experimental
results of Laufer (30), Nunner (43) and Reichardt (53).
The data of Reichardt were obtained in a two-dimensional
channel flow and those of Laufer and Nunner in a circular
pipe flo~T. In this diagram, the half ~Tidth of the channel"
H , is taken as the length scale arid the values o:f
are plotted against + +Y IH For the circular pipe flow,
the radius of the pipe, R , istake~ as the length scale
instead of the half widtly of the channel, H
As inferred from Fig. 4-1, the eddy diffusivity for
momentum increases with + +Y IH ,reaches a maximum at
about + +Y IH =: 0.3 'l, 0.5 , decreases slightly, and then
O. 1O· ~,,,,,=,_-=,",nJ=,,v·"--·-"''''·i • I i I I • I • I -,
o Laufer : Circular pipe flow J R"'; 10'
(D Nunner : Circular pipe flow J R+; 10'






























Fig. Dist.cihutions of eddy diffusivities foJ' momentum
in pipe flow ~nd two-dimension~l qb~nnel flow.
v +/H+ ,;,. o. 5 .approaches a nearly constant value beyond J --
The large size of the eddies in the core region, the
consequent near~constancy of the integral scale, and the
small variation of the turbulence intensity in the central
region may e~lain why the eddy diffusivity for momentum
is nearly constant beyond, say, +, +Y /H = 0.5. Therefore,
i.e.
in the present analysis it is assumed that the eddy dif-
fusivity for momentum for the central region is constant,
+E:M/vH = 0.07.
Since the flow behavior in the region close to the
wall is determined by u* and v , the length scale to be
used should be v/u*. Thus the relation between E:M/v
and +y has to be considered instead of that between
/ + +/ +E:M vH and y H For this region, no accurate experi-
mental data are available and it is usually assumed that
the eddy diffusivity for momentum is expressed by equation
(1-55). According to theory shown in Chapter 1, the value
of "a" is three or even higher, but it ha.s not been con-
firmed experimentally because the measurements were not
accurate enough.
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However, as shown in Chapter 3, the value of three
is obtained for "a" from the experimental results for the
eddy diffusivity of heat and the expression for 0. Hence,
in the present analysis it is assumed that the exponent of
+y ,i.e. "a" in equation (1-55), is 3.
From Fig. 11--1, the variation of the eddy diffusivity
for momentum in the region between the constant eddy dif-
fusivity region and y3-behavior region is expressed by
the following equation.
+
= 0.4 y (4-4)
Substitution of equation (4-4) into equation (1-14) gives
exactly the logarithmic velocity distribution, equation
(4-3 ).
4-2-2 Results of the present analysis
From the experimental results mentioned above,
- 97 -
it is assumed that the cHstri1lUtion of the eddy diffusivity






To determine the values of





(1) eddy diffusivity for momentum, EM/v, lS
continuous,
(2) velocity U+ lS continuous,
over the whole range of
be expressed as follows,
+y . These two restrictions may
+ 3 +A (Yl) = 0.4 Y1 (4-7)
In equation (4-9) the generally accepted value of the
constant for the logarithmic velocity ~rofile, k = 5.5 ,
was adopted.
Taking H+ as a parameter, one can obtain the values
of A and simultaneously from equations (4-7) and
(4-9) . +The value of y~ is as follows,
c.
(4-10)
The results are tabulated in Table 4-2 and plotted in
Figs. 4-2 and 4-3 a.gainst Reynolds number. The relation
,- 99 -
Table 11-2
+ + + + +Values of A. Yl and Y2 /H or Y2 /R
+ + 104 +- +- + + +H or R A x y Y2 /H or Y" /R1 c.
100 ..1 3.674 _26.43 0.2763
133.5 4.053 26.42 0.2628
178.0 4.341 26.41 0.2531
237.3 4.560 26.39 0.2461
~16.,4 4.725 26.38 0.2410
421.9 4.850 26.36 0.2373
562.5 4.943 26.35 0.2'343
750.0 5.014 26.34 0.2323
1000 5.067 26.34 0.2307
1519 5.122 26.33 0.2291
2278 5.157 26.33 0.2282
3417- 5.180 26.32 0.2275
5126 5.196 26.32 0.2271
7689 5.206 26.32 0.2267
11530 5.213 26.32 0.2266
17300 5.218 26.32 0.2264
25950 5.221 26.32 0.2263
38920 5.223 26.32 0.2263






























Fig. 4-2 Variation of the coefficient A of the eddy diffusivity for momentum
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or Y2 R wlth Reynolds number.
between H+ or and Reynolds number is calculated by
equations (4-14) and (4-1'7) described in a later section.
It should be noted that the value of 0.3 - 10/H+ is
always positive for turbulent flow~ i.e. Re > 3,000.
As shown in Fig. 4-2, the value of A and hence the
eddy diffusivity for momentum near the wall has a tendency
to increase with increasing Reynolds number and attains a
constant value -45.22 x 10 at very high Reynolds numbers.
As shown in Fig. 4~3, little dependence of the- values
+ + + + +
of Yl and Y2 /H or Y2 /R on Reynolds number is
observed and their values are about 26.3 and 0.23
respectively.
The ·va:~iatiorl of t:heeddy (~liffusivi :mOII1211t.1..:!In
is shown in Fig. 4-4. A similarly shaped distribution
curve of .the eddy diffusivity for momentum been
observed by Sherwood, Smith and Fowles (60) except in the
region close to the wall.
103 ,--------,--------,-----------,-------,
Pres!lnl work











Fig. 4-4 Distribution of the eddy diffusivi ty
for momentum.
4-3 Universal Velocity Profile
Substitution of equations (4-5), (4-4) and. (4-6) into
equation (1-14) gives the velocity distribution for all
parts of the flow, as follows,
+
o ; Y +~ Y,
- ..L..












The velocity distribution calculated by these equations is
shown in Fig. 4-5. which is a similar shape to the distri-
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Fig;. 4·~5 Universal velocity profile.
4-4 Prlctlon Factor
The Reynolds number for a two-dimensional channel
:['10"1 is usually defined :From equations
and (1-34) the relation between H+ . and Reynolds
nmnb er is given by
,H+
4 \ u+ +Re = dy
0
(4-14)
The friction factor is calculated by equation (1-17).
The c~lculated relation between H+ , Reynolds number and
the friction factor is shown in Table 4-3. The relation
between H+ and Reynolds number is plotted in Fig. 4-6,
and the friction factor is plotted against Reynolds number
in Fig. 4-7 and compared with the Blasius' formula,
f = 0.0791 Re- l / 4 (4-15)
'l'here is good agreement between analytical relation and
Blasius' formula which is derived from the (1/7) - power
law of the velocity distribution.
Moreover, the analytical value of the friction factor
- 108 -
'l'able 4-3
. + ( +)Relatlon between H R ,Reynolds number
and Friction Factor
(A)' For 'fuo-Dimensional Channel Flow






















(B) For Circular Pipe Flow
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4-6 Relation between H+ or R+
106 10'
and Reynolds number.
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Fig. 4-7 Variation of friction factor with Reynolds number.
is represented precisely by the following equation of
Prandtl's universal law of friction (57).
1/(1')1/2 = 4.0 log (Re (1')1/2) - 0.4 (4-16)
This equation is derived from the logarithmic velocity
distribution law in equation (4-12), adjusting the numer-
ical constants to fit the experimental results.
If the radius of the circular pipe, R , is used in-
stead of the half width of the parallel plates, H , the
eddy diffusivity for momentum expressed by equations (4-5),
(4-4) and (4-6) may also be used for a circular pipe flow.
However, the relation between R+ and Reynolds number,
and hence the relation between friction factor and Reynolds
number, are different from the previous expressions (4-14)
and (1-17).
The Reynolds number for circular pipe flow is defined
by equation (1-37). Hence the relation between +R and
Reynolds number is given by
- 113 -
+R
i +4 u+ (1 - ...L-) + ( 4-17)Re = dyR+
The friction factor is expressed by equation (1-19).
The calculated results of R+ and the friction factor vs.
Reynolds numbers are also plotted in Figs. 4-6 and 4-7
respectively~ along with those for the two-dimensional
channel flow, Although there is a slight difference
between the friction factors for the two-dimensional chan-
nel flow and for the circular pipe flow, good agreement




1. Simple and systematic formulas for the eddy diffu-






For a circular pipe flow H+ must be replaced by R+
2. The eddy diffusivity for momentum expressed by these
+formulas depends not only on y , but also on Reynolds
number.
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3. The universal velocity distribution was obtained from
the eddy diffusivity distribution for all parts of the flow
(see equation (4-11), (4-12) and (4-13)).
40 The friction factor based on the universal velocity
profile is in good agreement with Blasius' formula which
is derived from the (1/7) - power law of the velocity dis-
tribution, not only for the circular pipe but also for the
two-dimensional channel flow. Moreover, the analytical
value of the friction factor is represented precisely by
Prandtl's universal law of friction;
- 116 -
CRAP'l'ER 5
m.:AT OR MASS TR.AI':{SFER~
.AT LARGE PRANDTL OR SCHMID'l' JiUMBERS
In Chapter l~ the previous theoretical attempts to
obtain expressions for the Wusselt number were reviewed
briefly. However ~ experimental data on heat or mass
transfer to fluids at large Prandtl or Schmidt numbers
indicate that transfer rates are higher than those predict-
ed by these theories. Discrepancies between the experi-
mental results and the predictions at large Prandt1 or
Schmidt nillll.bers are principaJ.ly caused by the expressions
used for the eddy diffusivity in the region close to the
vall.
The distribution of the eddy diffusivity for heat or
mass can now be evaluated by using the expressions for (1
and the eddy diffusivity for momentUIll given in Chapter 3
- 111 -
and 4 respectively. The Nusselt and Sherwood numbers
may then be calculated by sUbstitution of these values of
the eddy diffusivities for heat or mass into equations
(1-28) and (1-29).
- 118 -
5-1 Comparison between the Calculated and Measured
Values of Eddy Diffusivities for Heat and Mass
Using the expressions for the eddy diffusivity for
momentum, i.e. equations (4-5), (4-4) and (4-6), the nu-
merical values of and in equations (3-33) and
(3-38) were computed to fit the experimental results of
EH/V given in Chapter 2. Thus, finally, the following
equations were obtained.













( 5-3)¢H = 1 + 0.160 Prl / 3 (E
M
/v)1/2
The values of at which the values of
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calculated
equations (5-2) and (5-3) are equal each other are
nearly constant at about 25 at large Prandtl and Reynolds
numbers.
It should be noted that the eddy diffusivity for heat
in the region close to the wall is a function of the
Reynolds number because the eddy diffusivity for momentum
in this region is a function of the Reynolds nurrilier as
shown in Fig. 4-2.
If the mechanisms for eddy diffusion of heat and
mass are assumed to be analogous, equations (5-1), (5:"'2)
and (5-3) are applicable to mass transfer by using ED
and Sc instead of and Pro
The predictions of equations (5-1), (5-2) and (5-3),
the experimental correlations (2-22), (2-23) and (2-24)
for EH/v, and ED/v by Lin, Moulton and Putnam (33)
and Son and Hanratty (63) are plotted in Fig. 5-1.
There is fairly good agreement between the predictions
and experimental results not only for EH/vbut also
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Fig. 5--1 Comparison of experimental data with 1Jredic-
tions of eddy diffusivity for heat and mass.
____ Predictions , ------ Experimental correlation
("Jon et al. ( v, Sc=2"hOO).
Pr = 6 and 40 in tbe predictions of s no depen-
dence of the experimental values of sHiv on Prandtl
number could be observed. This may be due to experimental
errors as described in Chapter 2.
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5-2 Predicted Nusselt and Sherwood Number
Temperature and concentration distributions calculated
from equations (1-24) and (1-25) are presented in Fig. 5-2.
The curves indicate that the temperature and concentration
distributions are flat over most of the tube section at
large Prandtl or Schmidt numbers.
The relation between Nusselt, Reynolds and Prandtl
numbers or Sherwood, Reynolds and Schmidt numbers can be
obtained from equations (1-30) and (1-31). Predicted
Nusselt or Sherwood numbers are plotted against Reynolds
number for various values of Prandtl or Schmidt numbers in
Fig. 5-3. From these calculations, no difference was
found between the Nusselt or Sherwood numbers for a two-
dimensional channel flow and for a circular pipe flow if
the Reynolds numbers defined by equations (1-34) and (1-37)
respectively are used.
A comparison of various analyses is given in Fig. 5-4.
At large Prandtl or Schmidt numbers, the present analysis
and the analysis of Lin et al. are in fair agreement,
whereas other analyses diverge considerably. As inferred
- 123 -
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Fig. 5-2 Temperature or concentration distributions
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Fig, 5-4 Comparison of various analyses at Re = 104
from Fig. 5-4,
-2/3 .Pr , l.e.
the calculated value of h+ varies with
Nu ~ Prl / 3 at large Prandtl numbers.
Experimental data on heat or mass transfer rates at
large Prandtl or Schmidt numbers are particularly scarce
and fr~gmentary.
Friend and Metzner (12) performed their heat transfer
experiments in the range of Pr = 50 ~ 600. Linton and
Sherwood (35), Meyerink and Friedlander (38) and Harriott
and Hamilton (15) measured the mass transfer rates of a
substance which dissolves from the wall or a pipe into
turbulently flowing fluid. Linton et ale performed their
experiments at Schmidt numbers from 1,000 to 3,000,
Meyerink et ale at Sc = 300 and 900, and Harriott et ale
at Sc = 900 ~ 105 . Recently Hubbard and Lightfoot (20)
used an electrochemical method to obtain the mass transfer
rates at Schmidt numbers from 1,700 to 30,000.
However, most of these experimental results are too
scattered and different from each other to determine the
effect of the Prandtl or Schmidt number on the transfer
rates. Since the differences in Nusselt or Sherwood
- 127 -
numbers pr~dicted by the various analyses are not so
large, as shown in Fig. 5-4, highly accurate measurements
are required to determine the relationship between Nu,
Re and Pr or Sh, Re and Sc.
In the following sections, the experimental study
performed to compare the experimental data with the present
analysis will be given. The technique chosen was measure-




The process chosen for this study was reduction of
ferricyanide ions at a nickel cathode in the presence of
a large excess of sodium or potassium hydroxide,
This. system has been used with good results by many
previous investigators (10,32) and offers a number of
important advantages.
First, the electrochemical reaction, involving only
an electron transfer, is very rapid and so nearly complete
concentration polarization is obtained, ~ven at high mass
transfer rates. This is evidenced by the shape of the
polarization curves, of which Fig. 5-5 is a representative
sample.
Second, competing reactions can be almost completely
avoided. The only important competing reaction that may
















































































but this is easily avoided by continuous purging with
nitrogen gas.
Finally, the most significant advantage is that
surface roughness can be kept very small compared with the
dissolving wall method. This is particularly important at
large Schmidt numbers because the surface roughness influ-
ences the mass transfer rate significantly in that case.
The experiments were performed in a rectangular duct
of polyvinyl chloride, 5 rum by 50 rum cross section and
2 m long. The three nickel cathodes, 398, 201 and 52 rum
long and 20 rum wide, were mounted in series, flush with
the upper surface in the center of the duct. The anode,
2 m long and 50 rum wide, was mounted on the lower
surface of the duct.
The cathodes were made narrower than the anode to
ensure that the limiting current occured at the cathode
rather than at the anode, and to eliminate any effects of
flow disturbance in the corners of the duct. The cross






























The inlet length required to achieve a fully developed
velocity profile at the cathode ( mass transfer section)
was about 100 times the equivalent diameter of the duct.
When a fluid in a fully developed veloci t~)T profile
enters a mass transfer section, the local value of the
mass transfer coefficient decreases from infinity at the
inlet to a minimum value, which is the fully developed
value, downstream.
Schutz (58) measured the loca.l transfer rate in the
mass tranfer entry region at Sc = 2,170. In Fig. 5-7,
his results are plotted and compared with the curve of
prediction calculated numerically using equations (1-3),
(1-6) and (1-9) and the eddy diffusivity of the present
analysis.
As may be seen from Fig. 5-7, the entry length required
to obtain the fully developed mass transfer coefficient is
+ 4
about x ~ 10 at Sc = 2,170. This value decreases
with increasing Schmidt number.














Fig. 5-7 Variation of the local mass transfer rate in the maSS transfer entry region
at Be = 2,170.
transfer rates was made by a cathode 201 mm long,
located downstream of a 398 mm long cathode, the
entry length for developing the concentration profile was
+ 4
x > 10 In the range of the experiment, so the measured
mass transfer coefficient may be considered to be a fully
developed one.
The electrolyte solution wa~ recirculated through the
duct by means of a polyvinyl chloride pwnp. To prevent the
circulating fluid from becoming contaminated, vinyl chlo-
ride plastic valves and pipes were used throughout the
system. The experimental apparatus is shown schematically
in Fig. 5-8.
The solution used contained 0.001 ~ 0.01 mole of
or NaOH per liter. The concentration of ferricyanide
ions at the cathode surface can be assumed to be zero at
the limiting current and the bulk concentration was meas-
ured with an iodometric titration.

















Fig. 5-8 Schematic diagram of the apparatus.
K = i/FCb ( 5-4)
where i lS the limiting current density and F the
Faraday constant. Several assumptions are implicit in
this equation;
(1) Concentration polarization is complete. This was
confirmed by the shapes of the experimental polar-
ization curves.
(2) The current is due solely to reduction of ferri-
cyanide ions. This was assured by purging with
nitrogen before each run and keeping the electro-
lyte under a nitrogen atmosphere during the runs.
(3) Mass transfer occurs only by molecular and eddy
diffusion. This was ensured by the very high
concentration of the indifferent electrolyte rela-
tive to that of the ferricyanide.
The Reynolds and Schmidt numbers were varied from
3,000 to 80,000 and 800 to 15,000, respectively.
The flow rates were measured with a calibrated orifice.
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5-4 Experimental Results
The experimental results are summarized in Table 5-1.
The variation of K+ with Re are plotted in Fig. 5-9
for various values of Se and compared with the predict-
ed values. The predicted values of K+ have a tendency
to decrease with decresing Reynolds numbers because of the
dependence of EM/von Re , and are in reasonable agree-
ment with the measured values. This tendency of K+ vs.
Re has been suggested also by Lawn (31). On the other
+hand, experimental data for K at Sc = 2,400 by Shaw
and Hanratty (59) shows that K+ is independent of the
Reynolds number. This is probably due to the inaccuracy
of their measurements.
The variations of K+ with Re are so small that
the averaged values of the measured K+ at various
Reynolds numbers are plotted against Schmidt number in
Fig. 5-10. For comparison with the predictions of the
present analysis, that of Deissler (7), and of Lin et al.
(33), the experimental data of Harriott and Hamilton (15)
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5,050 411 1. 30
5,450 432 1.27
6,460 514 1. 31
7,470 613 1. 37
8,440 6a3 1. 37
10,400 848 1. 42
12,700 1,030 1. 44
14,700 1,160 1. 44
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Fig. 5:-9 Va.:dation o:r,K+with Reynolds nUl'llber.
Present analysis




6. Hubbard et al.
o Harriott et al.









Fig. 5-10 Variation of K+ with Sohmidt number.
The predictions of the author represent the experi-
mental results of the author and Hubbard et al. quite well
and are in good agreement with the prediction of Lin et
al., but in poor agreement with that of Deissler. The
experimental results of Harriott et al. are slightly great-
er than the present prediction~ probably because of the
effect of the surface roughness.
The experimental results at Schmidt numbers of
15,100 and 782 are plotted as the Sherwood number versus
the Reynolds number in Fig. 5-11, and compared with the
presentpredi.ction, the equation of Sieder and Tate (61)~
the analogy of Chilton and Colburn (2), and the prediction
The experimental data shows that the Sherwood number
varies with about the 0.9 power of the Reynolds number
at large Schmidt numbers, in reasonable agreement with the
present prediction. It also appears from Fig. 5-11 that
the other three predictions apparently fail to represent
























Fig. 5-11 Vari.@,.ti.ouQf$herwood numq.er with. Reynolds number.
5-5 Discussion
It is generally accepted that the exponent lin in
the relation Nu ~ Prl / n or Sh ~ Selin follows from the
fact that the eddy diffusivity near the wall varies with
the n-th power of the distance from the wall.
Hubbard et al. (20) concluded from their experimental
results that the value of n was 3, but Son et al. (63)
+
obtained the eddy diffusivity expression at y ~ 0 as
+ 4ED/V = 0.00032 (y) from their experiments on the depend-
ence of Sc on Sh , and on the effect of the length of
the transfer section on the rate of mass transfer.
On the other hand, the eddy diffusivity of the present
analysis shows that
calculated value of
ED/V ~ (y+)4 at
K+ varies with
+y ~ 0 , but the
-2/3 .Sc , l.e.
Sh ~ Scl / 3 a~ large Schmidt numbers as shown in Fig. 5~9.
To discuss this problem further, the eddy diffusivity
expressions of the present study may be simplified as
follows.
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Since the case considered is at large Trandtl or
Schmidt numbers, only the equations (5-2) and. (4-5) . which
are valid in the vicinity of the wall, will be discussed
here.
In the immediate vicinity of the wall, sM/v is very
small. Hence, from equations (5-1) and (5-2), the ex-
pressions of the edciy diffusivity for hee.t is given by the
following simple equation.
\ '3 + 4
= 0.0279 A4 / Pr (y )
In the region where the magnitude of the product of
Pr and sM/v is very large compared with unity, sHIv
is given by
( 5-6)
+YB is located at a boundary of two regions, where
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equations (5-4) and (5-5) are valid respectively, and lS
obtained by equating these two equations as follows,
The value of
= 1/(0.0279 Al / 3 Pr)
is proportional to
(5-7)
-1Pr , and depends
slightly on the Reynolds number because of the dependence
of A on Re as shown in Fig. 4-2.
The thickness 0+ of the thermal boundary layer is




When equation (5-8) is applied to equation (1-24),
the value of the integrand of equation (1-24), l.e.
2l/(l/Pr + EH/V) , becomes Pr/(l + 10 ) ::;:0.01 Pr at
+y whi ch l s only 1 per cent of the value at
+y = 0 , i.e. Pro
Therefore, one can assu~e that
- 152 -
dy+ C dy+-rl/Pr + EU/V l/Pr + EU/V (5-9)
and hence the value or T* at
unity.
+ + .Y = 6 becomes nearly
Combining equation (5-8) with equations (5-5) or






4He = 10 •
~+ •
u are plotted ag&l.nst
As shown in _Fig. 5-12, there
are two regions where the eddy diffusivity varies with
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Fig. 5-12 .. ~+ d +Var1at1on of u an YB with Prandt1 number at
4He =10 .
Prandtlnumbers.
At PI":> 103 the eddy diffusivity for heat varies
. (y+)3.with J.n almost all parts of the boundtU'Y JJil¥er.
Hence the transfer coefficient may be expressed approximate-
lyas
o I/Pr + A (y+)3J
oo ..:l. +.
....y
0.827 AI / 3 Pr-213 (5-12)
Similarly, for Il).ass transfer,
The result of this discussion is that the relation
K+ ~ Sc-2/ 3 at large Schmidt numbers does not always indi-
cate that + 3 +
€D/v ~ (y) at y ~ 0, but that the eddy
- 15) -




1. Good agreement was ob'tttined between the predicted
and experimental results of mass transfer at Schmidt
numbers between 800:: and 15 ~abo.'
2. Both the predicted and experimental results show that
the Sherwood number varies with the 1/3. powe:t of the'
Schmidt number and about the 0.9 power of the Reynolds
number at large Schmidt numbers, i.e.
Sh = 0.827 Al/3 (f/2)1/2 Re Scl/3
lin3. The exponent lin in the relation Nu ~ Pr or
Sh ~ Selin does not always indicate that the eddy diffu-
sivity near the wall varies with the n-th power of the
distance from the wall.
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CHAPTER· 6
CONCLUSIONS AND RECOMMENDATIONS ~R FJ)I{THER W0:RK
6-1 Conclusions
(1) The experimental datat?kenat Pr = 6 rv 40 and
Re = 11,700 rv 26,400 were correlated by the following
equatios.
+-4 < y < 14




= 0.36 y - 1
(2) From a modification of the mixing length theory, the
expression for the ratio, £H/EM' was found to be given
by
0.00681 Pr (EM/\»
<PH = Pr1/ 3 (EM/'V )1/21 + 0.160
+ +y < Y<p
O.0279Pr (EM/v)1/3
<PH = 1/3 (E
M
/v)1/31 + 0.228 Pr
+ 25.where Y<p ..,.
( 3) From the avai lable experimental data. the eddy
- 159 -
diffusivity for momentum was found to be given by
+ +
a < y < Yl
+




For a circular pipe flow, H+ must be replaced by the pipe
+R .
(4) There was good agreement·betweenthe mass transfer
rates calculated using the eddy di:ffusivity for mass and
those obtained experimentally at Sc = 800 'V 15,000. Both
the calculated and experimental results showed that the
Sherwood number varies with the 1/3 power of the Schmidt
number and about the 0.9 power of the Reynolds number at
- 160 -
large Schmidt numbers.
3At Pr or Sc > 10
Nu = 0.827 Al / 3 (f/2)1/2 Re Prl / 3
Sh = 0.827 Al / 3 (f/2)1/2 Re Scl / 3
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6-2 Recommendations for Further Work
(1) The author's experimental data of the eddy diffu-
sivityfor heat, upon which the final equations for the
eddy diffusivities are based, cover only the range of
+y > 4, PI'::: 6 tV 40, and Re::: 11,700 tV 26,400. It is
highly recommended that measurements of eddy diffusivity
be extended to larger values of Prandtl or Schmidt number
and to locations closer to the wall.
(2) Measurements of the eddy diffusivities for heat in
the turbulent core, which are important in heat transfer
especially at low Prandtl numbers, have been made by many
investigators for the flow of air and mercury. However,
their experimental results are considerably different
from each other, so more accurate and extensive experi-
mental data are also required in the turbulent core
region. In this work the author was forced to assume
simply that 0 = 1 in the turbulent core, which has
still not been confirmed.
(3) The model for the turbulent transfer mechanism of
heat and momentum in this study is believed to give a
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fairly good insight into the actual situation, which
appears, however, much more complicated than that assumed
in this model. It would seem then more profitable in the
future to study the turbulent transport phenomena from a
more fundamental standpoint.
(4) In addition, the experimental data on the turbulence
quantities of temperature fluctuations or their correlations
with velocity fluctuations 'would be necessary to reveal the
transfer mechanism of heat in the turbulent flow.
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NOMENCLATURE
A Coefficient in equations (1-55) and (4-5)
a Exponent in equation (1-55)
B Coefficient in equation (1-56)
Br 2Brinkman number =~ <U> /k (Tb T )w
b Exponent in equation (1-56)
C Time-smoothed concentration 3g-mole/cm
C Coefficient in equation (1-57)
Dimensionless concentration = u*(C - C )/Nw w









c Exponent in equation (1-57)
cD Drag coefficient of an eddy particle
D
d
Molecular diffusivity for mass






F Faraday constant = 9.652 x 104 coulomb/g-mole
f Fanning friction factor
H Half width of a two~dimensional channel em
H+ Dimensionless half width of a two-dimensional
h Heat transfer coefficient 2 0cal/cm sec C
h+ Dimensionless heat transfer coefficient
= h/pC u*p









j Number of the fringes
K Mass transfer coefficient em/sec





Path length of the light beam

































R Radius of a circular pipe em
R+ Dimensionless radius of a circular
Re Reynolds number














0:: PCu*{T -T ) /0pw -w
= (T -T )!Ut'b. -T )
w ·w
T Temperature of an eddy particle °cp
t Temperature fluctuation °c
U Time.... smoothed velocity in the:x..,.direct:toncm!sec
U+ Dimensionless velocity::: u/u.*
U:Q, Time-smoothed velocity at the outer. edge
U
:P
of .the laminar .sublayer.
Ve1ocity6f an eddy particle
em/sec
em/sec
<U> Average velocity over a flow cross section
em/sec
u Velocity fluctuation in the x-direction em/sec
+
u Dimensionless velocity fluctuation ~ u/u*
u l Time-smoothed value of the absolute velocity
fluctuation in the x-direction = lui
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em/sec
vFriction velocity:::: (T /p)1/2
w




v Dimensionless velocity fluctuation:::: v/u*
Vi Time'-smoothed value of theabsoJ,l1te velocity
fluctuation in the y-d~rectio!l ::::Ivl em/sec
W,
WI:
Fringe widt4 with no" :t?:mperature disturbance
Fringe width with temp<:;rf:ttu;r~! disturbance
cm
em
x Distanqein:the flow direction
or length of the,mass transfer section
+
x Dimensionless distance =xu*,/v
em
y Distance perpendicular to ,the wall em
+y Dimensionless distance from the wall :::: yu*/v
+Yl Boundary between the regions where equations
(4-5) and (4- 4) are valid respectively
+Y2 Boundary between the regions where equations
(4-4) and (4-6) are valid respectively
y.
l
Position of the incident light beam





+y<j> Boundary between the regions where equations
(5-2) and (5-3) are valid respectively
z Distance 1n the light beam direction em
Greek symbols
Constant in equation (3-28)
al Constant in e1uation (3-30)
a2 Constant in equation (3-38)
S Exponent in equation (3-28)
0+ Dimensionless thickness of the thermal
or concentration boundary layer
Eddy diffusivity for mass
Eddy diffusivity for heat





















a Ratio of the eddy diffusivities for
Shear stress





(t)<p Turbulent energy dissipation function 2l/sec
~H Equation (3-20)
<PM Equation (3-6)






(5 ) Deissler, R. G.
(6) Deissler, R. G.
(7) Deissler , R. G.
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